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Pseudo-turbulence and energy spectra in buoyancy driven bubbly flows
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We present a direct numerical simulation (DNS) study of buoyancy driven bubbly flows in two
and three dimensions. We employ front-tracking as well as volume of fluid (VOF) method to track
the bubble interface. To investigate spectral properties, we derive the scale-by-scale energy budget
equation. We show that the Reynolds number (Re) controls different scaling regimes in the energy
spectrum. Most intriguingly, for high Reynolds numbers, we find the presence of an inverse energy
cascade in two-dimension and a forward energy-cascade in three-dimension. Our study indicates
that the density ratio of the bubble with the ambient fluid or the presence of coalescence between
the bubbles does not alter the scaling behavior.
Bubble laden flow appears in a variety of natural [1, 2] and industrial [3] processes. Presence of bubbles dramatically
alters the transport properties of a flow [4, 5]. A single bubble of diameter d, because of buoyancy, rises under gravity.
Its trajectory and the wake flow depend on the density and viscosity contrast with the ambient fluid, and the surface
tension [1, 6–10]. A suspension of such bubbles at moderate volume fractions generates complex spatiotemporal flow
patterns that are often referred to as pseudo-turbulence or bubble-induced agitation [11].
Experiments have made significant progress in characterizing velocity fluctuations of the fluid phase in pseudo-
turbulence. A key observation, irrespective of spatial dimension or the experimental setup, is the robust power-law
scaling in the energy spectrum with an exponent of −3 either in frequency f or the wave-number k space [12–
15]. The scaling range, however, remains controversial. Ref. [13] investigated turbulence in the wake of a bubble
swarm and found the k−3 scaling for length scales larger than the bubble diameter d (i.e., k < 2π/d) whereas,
Refs. [12, 16] observed this scaling for scales smaller than d in a steady state bubble suspension. In a Hele-Shaw
setup, Ref. [15] investigated pseudo-turbulence in a quasi-two-dimensional (2D) flow and observed the k−3 scaling
between 2π/(5d) < k < 2π/d.
Fully resolved numerical simulations of three-dimensional (3D) bubbly flows for a range of Reynolds number [17, 18]
found the k−3 scaling for length scales smaller than d (k > 2π/d) and attributed it to the bubble-wake formation. In
two-dimensions (2D), and for low Reynolds number Re = 5.6, Ref. [19] suggested presence of a dual cascade similar
to 2D homogeneous, isotropic turbulence.
Two mechanisms proposed to explain the observed scaling behavior in experiments are (i) superposition of velocity
fluctuations generated in the vicinity of the bubbles [20], and (ii) at high Re, the instabilities in the flow through
bubble swarm [11, 21]. In an experiment or a simulation, it is difficult to disentangle these two mechanisms.
In classical turbulence, a constant flux of energy is maintained between the injection and dissipation scales [22–24].
In pseudo-turbulence, on the other hand, it is not clear how the energy injected because of buoyancy is transferred
between different scales. In particular, the following key questions remain unanswered: (i) What are the energy budget
and the dominant balances? (ii) Is there an energy cascade (a non-zero energy flux)? (iii) Does the pseudo-turbulence
spectrum depend on the Reynolds number (Re)?
In this paper, we address these questions by deriving the scale-by-scale energy budget equation. We then use direct
numerical simulations in two- and three-dimensions to investigate dominant balances for different parameter values.
We show that for small Reynolds number, and for k < 2π/d, the balance of viscous stress with buoyancy leads to
a k−3 scaling. On the other hand, at high Reynolds number, for k > 2π/d the k−3 scaling appears because of a
balance between viscous stress and surface tension. In 2D we observe a negative energy flux (and a k−5/3 scaling) for
k < 2π/d, whereas in 3D we find a small positive energy flux for k ≥ 2π/d. Intriguingly, the scaling laws are robust
and do not depend on the density contrast.
We study the dynamics of bubbly flow by using Navier-Stokes (NS) equations with a surface tension force because
of bubbles
Dtc = 0, and ∇ · u = 0, (1a)
ρ(c)Dtu = ∇ · [2µ(c)S]−∇p+ F σ + F g. (1b)
Here, Dt = ∂t + (u · ∇) is the material derivative, c is an indicator function whose value is 0 inside the bubble phase
and 1 in the fluid phase. F σ ≡ σκ∇c/|∇c| is the force because of the surface tension [25], F g ≡ [ρa − ρ(c)]geˆy is the
buoyancy force, u = (ux, uy) is the hydrodynamic velocity, p is the pressure, the local density ρ(c) ≡ ρfc+ ρb(1− c),
the local viscosity µ(c) ≡ µfc+ µb(1− c), ρb (ρf ) is the bubble (fluid) density, µb (µf ) is the bubble (fluid) viscosity,
S ≡ (∇u +∇uT )/2 is the rate of deformation tensor, σ is the coefficient of surface tension and κ is the curvature.
2The non-dimensional numbers that characterize the flow are the Reynolds number Re ≡ ρf
√
gdd/µf , the Bond
number Bo ≡ (ρf − ρb)gd2/σ, and the Atwood number At ≡ (ρf − ρb)/(ρf + ρb). For small Atwood numbers, Eq. (1b)
can be further simplified by invoking Boussinesq approximation whereby, ρ(c) in the left-hand-side of Eq. (1b) is
replaced by the average density ρa = [
∫
ρ(c)dx]/LD ≈ (ρf + ρb)/2, where D is the spatial dimension.
We use a periodic box of volume LD and discretize it with ND collocation points. We initialize the velocity field
u = 0 and place the centers of Nb bubbles at random locations such that no two bubbles overlap. The Reynolds
number Re, the Bond number Bo, and the bubble volume fraction φ ≡ [∫ (1− c)dx]/LD that we use (see Table I) are
comparable to the experiments in 3D [14, 16] and 2D Hele-Shaw setup [15].
We numerically integrate Eq. (1) using a second-order accurate volume of fluid(VOF) solver Basilisk [26]. The
Boussinesq approximated NS Eq. (1) is also solved using a pseudo-spectral method [27] coupled to a front tracking
algorithm [28] for bubble dynamics. A feature of this method is that coalescence and breakup are not allowed and
bubble count is conserved. Time marching is done using a second-order Runge-Kutta scheme in two-dimensions
whereas, we use Adams-Bashforth scheme in three-dimensions. Because of the computational complexity, we restrict
numerical investigations in three-dimensions to low Atwood number regime.
TABLE I. Parameters for non-Boussinesq (NB) and Boussinesq (B) runs. We use front tracking method where coalescence is
arrested for Boussinesq runs. Nb represent initial number of bubbles. SB1, SB3 are Stokes simulation done in the Boussinesq
regime. We choose µf/µb = 1 and g = 1 for all the runs except NB1 where, µf/µb = 20 and g = 1.
runs LD d ND Re Nb Bo φ At ǫµ ǫinj
NB1 122 0.4 10242 5.6 144 0.95 0.12 0.91 1.9 1.8
NB2 5122 25.0 20482 781.2 100 1.0 0.19 0.08 3.2 · 10−2 3.2 · 10−2
NB3 5122 20.0 20482 781 144 1.0 0.17 0.75 3.0 · 10−1 4.0 · 10−1
B1 (2π)2 0.15 64002 3.6 225 0.09 0.10 0.04 8.8 · 10−5 8.8 · 10−5
B2 5122 25.0 40962 781.2 100 0.5 0.19 0.08 3.5 · 10−2 3.3 · 10−2
B3 2563 24.0 2563 367.4 60 1.84 0.025 0.04 3.6 · 10−3 3.5 · 10−3
B4 1283 24.0 2563 367.4 9 1.84 0.03 0.04 4.3 · 10−3 4.3 · 10−3
SB1 (2π)2 0.15 20482 – 225 0.09 0.10 0.04 6.5 · 10−5 6.5 · 10−5
SB2 (2π)3 0.35 2563 – 200 0.03 0.02 0.04 4.2 · 10−6 4.4 · 10−6
Using Eq. (1b), we obtain the total kinetic energy E balance equation as
∂t 〈ρu
2
2
〉
︸ ︷︷ ︸
E
= − 2〈µ(c)S : S〉︸ ︷︷ ︸
ǫµ
+ 〈[ρa − ρ(c)]uyg〉︸ ︷︷ ︸
ǫinj
+ 〈F σ · u〉︸ ︷︷ ︸
ǫσ
, (2)
where, 〈·〉 represents spatial averaging. In steady state, the energy injected by buoyancy ǫinj is balanced by viscous
dissipation ǫµ. The energy injected by buoyancy ǫinj ≈ (ρf − ρb)φg〈U〉 where 〈U〉 is the average bubble rise velocity.
Note that ǫσ = −∂t
∫
σds, where ds is the bubble surface element, and its contribution is zero in the steady-state. It is
important to note that the presence of spurious currents at bubble interface leads to additional numerical dissipation
in VOF as well as front-tracking method [26, 29]. These effects are typically severe at low grid resolution and large
Atwood (At) numbers. Therefore, even for moderate Re and At, we have used high grid resolution (see Table I). The
agreement between steady state values of ǫµ and ǫinj is evident from Table I.
To investigate the energy transfer mechanism between different scales, we now derive the scale-by-scale energy
budget for bubbly flows. Our approach is similar to [22, 30] and does not require the flow to be homogeneous and
isotropic. For a general field f , we define a corresponding coarse-grained field [22] f<k (x) ≡
∑
m≤k fm exp(im · x)
with the filtering length scale ℓ = 2π/k. Using the above definitions in Eq. (1b), we get the energy budget equation
∂tEk = −Πk −Pk + Dk + Fσk + F gk . (3)
Here, 2Ek = 〈u<k ·(ρu)<k 〉 is the cumulative energy up to wave-number k, 2Πk = 〈(ρu)<k ·(u ·∇u)<k 〉+〈u<k ·(u ·∇ρu)<k 〉
is the energy flux through wave-number k, 2Dk = 〈(ρu)<k ·(∇ · [2µS]/ρ)<k 〉+〈u<k ·(∇·[2µS])<k 〉 is the cumulative energy
dissipated, the contribution due to surface tension and buoyancy forces is 2F γk = 〈(ρu)<k · (F γ/ρ)<k 〉+ 〈u<k · (F γ)<k 〉 (γ
represents either σ or g). In crucial departure from the uniform density flows, we find a non-zero cumulative pressure
contribution 2Pk = 〈(ρu)<k · (∇p/ρ)<k 〉.
In the Boussinesq regime, the individual contributions simplify to these uniform density analogues [22], that is,
P = 0 and 2Ek = ρa〈u<k · u<k 〉, Πk = ρa〈u<k · (u ·∇u)<k 〉, Dk = 〈u<k · µ∇2u<k 〉 and F γk = 〈u<k · (F γ)<k 〉.
We now investigate statistical properties of stationary pseudo-turbulence. We numerically integrate Eq. (1b) for
at least 10τs after energy attains a statistically steady state [31]. Here τs = L/
√
gd is the approximate time taken
3by an isolated bubble to traverse the entire domain. The steady state energy balance ǫinj ≈ ǫµ is easily verified
from Table I. Below we study the scale-by-scale energy budget, the energy spectrum Euuk ≡
∑
k−1/2<m<k+1/2
|uˆm|2
and the co-spectrum Eρuuk ≡
∑
k−1/2<m<k+1/2
ℜ[ ˆ(ρu)−muˆm] ≡ dE /dk by varying Re and At. Similar to experiments
[8, 14, 32, 33], we find for small Re (runs B1, NB1, SB1, and SB2) the shape of an isolated bubble is circular in 2D and
spherical in 3D. For high Re (runs B2, B3, NB2 and NB3) bubbles shape is an ellipse in 2D and an ellipsoid in 3D [31].
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FIG. 1. (a,b) Log-log plot of the energy spectra Euuk versus k/kd for (a) run B1, Stokesian simulation (run SB1) in 2D, and (b)
Stokesian simulation (run SB2) in 3D. Vertical dotted line correspond to k = kd. (Insets) Snapshot of the bubble position in the
steady state along with velocity streamlines for runs B1 and SB2. In 3D the streamlines are shown for the z = L/2 plane. (c,d)
Cumulative contribution of the viscous dissipation Dk, the energy injected because of buoyancy F
g
k and the surface tension
contribution Fσk versus k/kd. The energy injected by buoyancy is balanced by viscous dissipation. Green dashed line indicates
the scaling prediction F gk ∼ log(k).
Low Re, Low At (run B1, SB1 and SB2) — As discussed earlier, for small At we solve the NS (Eq. 1) and the
Stokes equations in the Boussinesq regime. We use front-tracking simulations to evolve bubbles. Fig. (1a,b) shows
an instantaneous streamline plot of the velocity field along with bubble positions at a representative time in the
steady state. The bubbles are nearly spherical (circular in 2D) and the typical flow structures are larger than the
bubble diameter. The corresponding energy spectrum Euuk ∼ k−3 for k < kd [Fig. (1a,b)]. The scale-by-scale energy
budget analysis [Fig. (1c,d)] reveals that for k < kd, the cumulative energy injected by buoyancy is balanced by the
cumulative viscous dissipation (F gk ∼ Dk) and the energy flux Πk ∼ 0. The balance of energy injected by buoyancy
≈ φ(ρf − ρb)g/k, which leads to F gk ∼ log(k), with viscous dissipation gives Euuk ∼ k−3.
High Re, Low At (runs B2, NB2, B3 and B4) — We first discuss our results in 2D. To investigate the role of
bubble merger and breakup we conduct both VOF and front-tracking simulations. We plot the snapshot of the
bubble positions overlaid on the corresponding velocity streamlines for the front-tracking run B2 and VOF run NB2
in Fig. (2a,b). During the evolution, the average bubble diameter in NB2 run remains close to the initial diameter.
The energy spectrum obtained from our 2D runs (B2 and NB2) are in excellent agreement, Euuk ∼ k−5/3 for k < kd
whereas, for k > kd we observe E
uu
k ∼ k−3 [Fig. (2c)]. Thus, coalescence of bubbles does not alter the scaling
behavior. The key observations are [Fig. (2d)]: (i) For k < kd a non-zero energy flux Πk; (ii) For k > kd, Πk ≈ 0
4and the energy injected by surface tension (|Fσk | increases)-because of bubble shape undulations- is balanced by
viscous dissipation (Dk decreases). A non-zero Πk indicates presence of an inverse energy cascade and hence, using
Kolmogorov’s phenomenology [22], Euuk ∼ k−5/3. On the other hand for k > kd, the balance of energy injected by
surface tension ∼ (σ/k) with viscous dissipation gives Euuk ∼ k−3. Note that the region of negative energy flux (and
k−5/3 scaling) is broader for NB2 because coalescence and merger leads to a bubble size distribution and an enhanced
injection because of larger bubbles.
We now discuss the results for our 3D runs B3 and B4. The plot in Fig. (2e) shows the snapshot of the bubble
positions overlayed with iso-vorticity (|ω| = |∇×u|) contours in the steady state. The energy budget in 3D [Fig. (2g)]
shows that for for k > kd, similar to 2D, cumulative contribution because of surface tension balances F
σ is balanced
by viscous dissipation. As discussed earlier, this predicts a k−3 scaling which is consistent with our DNS [Fig. (2f)].
We also observe a small forward energy flux around k = kd but this does not alter the dominant balance.
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FIG. 2. (a,b) Representative steady-state snapshot of the velocity streamline with overlaid bubble positions for B2 (front-
tracking) and NB2 (VOF) runs. (c) Log-log plot of energy spectra Euuk versus k/kd for run B2 and NB2. (Inset) Semilog plot
showing negative energy flux Πk versus k/kd. Vertical dashed line corresponds to k = kd. (d) Cumulative contribution of
viscous dissipation Dk, energy injected because of buoyancy F
g
k and the surface tensi on contribution F
σ
k versus k/kd for B2.
Solid line shows Πk and the dashed line indicates log(k) scaling prediction for cumulative energy injection. For k < kd, dF
σ
k /dk
balances dF gk /dk whereas, for k > kd, dF
σ
k /dk is balanced by viscous dissipation dDk/dk. (e) Representative snapshot of
vorticity contour in steady state for 3D run B3. (f) Log-log plot of energy spectra Euuk versus k/kd for run B3 and B4. (g)
Cumulative contribution of Dk, F
g
k F
σ
k and Πk versus k/kd for B3.
Low Re, High At (run NB1) — Streamline plot of the velocity field along with the overlaid bubble positions is
shown in the inset of Fig. (3a). Similar to low Re and low At case, we find flow structures to be larger or comparable
to d [19]. The plot of the energy spectrum Euuk and the co-spectrum E
ρuu
k are shown in Fig. (3a). Again, for k < kd,
we observe a k−3 scaling and Πk ∼ 0 (not shown). The scale-by-scale budget Fig. (3b) reveals that the net energy
production d(Fσk + F
g
k )/dk ∼ 1/k balances viscous dissipation νk2Euuk [Fig. (3b)] to give Euuk ∼ k−3.
High Re, High At (run NB3) — We finally investigate bubble suspension where both Re and At are high. The
instantaneous plot of the velocity streamlines with overlaid bubble positions is shown in Fig. (4a). The scale-by-
scale budget indicates that the phenomenology is similar to high Re, low At case. We find presence of structures
smaller than the bubble diameter and a non-zero Πk for k < kd and Πk ≈ 0 otherwise. For k > kd, viscous dissipation
balances the energy injected because of the surface tension [Fig. (4b)]. Not surprisingly, therefore, the energy spectrum
Euuk ∼ k−5/3 (for k < kd) and Euuk ∼ k−3 (for k > kd) [Fig. (4a)]. The co-spectrum shows the same scaling as the
energy spectrum.
To conclude, we have investigated the spectral properties of buoyancy driven bubbly flows. Using scale-by-scale
energy budget we show that depending on the Reynolds number Re, the k−3 pseudo-turbulence spectrum can appear
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FIG. 3. (a) Log-log plot of spectrum and co-spectrum for NB1. Vertical dotted line represents k = kd. (Inset) Instantaneous
velocity streamline in steady state with overlaid bubble positions. (b) Semi-log plot of cumulative contribution due to viscosity
Dk, net energy injection F
g
k + Pk, and surface tension F
σ
k . Green dashed line indicates the ∼ log(k) scaling associated with
cumulative energy injection.
10 1 100 101
k/kd
10 5
10 3
10 1
101
E
k k
3
k 5/3
Euu
E uu
(a)
10−1 100 101
k/kd
−0.4
−0.2
0.0
0.2
0.4
Π,
풟
,ℱ
σ ,
ℱ
g ,
풫
~l
og
(k
)(b) Π
풟
ℱσ
ℱg+풫
FIG. 4. (a) Log-log plot of the spectrum Euuk and the co-spectrum E
ρuu
k versus k/kd for high Re, high At run NB3. The
dash-dot line indicates the k−5/3 scaling whereas, the dashed line indicates k−3 scaling. The wave-number k = kd is shown by a
vertical dotted line. (Inset) Snapshot of velocity streamline in steady state for run NB3. (b) Cumulative contribution of viscous
dissipation Dk, net cumulative energy injected F
g
k +Pk, the surface tension contribution F
σ
k . Dashed green line indicates the
log(k) prediction for F gk + Pk and F
σ
k . The continuous line shows the energy flux Πk.
for scales smaller (larger) than the bubble diameter. We also observe a non-zero negative energy flux in two-dimension
that is indicative of an inverse cascade and leads to a k−5/3 spectrum for scales larger than the bubble diameter. In
three-dimension we observe a small non-zero positive energy flux but it does not alter the scalings that we observe.
Although flow around an individual bubble strongly depends on the At [6, 8, 9, 34], intriguingly, the different scalings
that we observe are not sensitive to the density contrast (At). The Re that we have explored are consistent with the
experiments (Re ∼ [300− 1000] [14, 16] ) on pseudo-turbulence. Our scale-by-scale budget analysis reveals that the
k−3 scaling observed at these Re is because of a balance between surface tension and viscous forces and not buoyancy
and viscous dissipation.
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1Supplementary Material for
“Pseudo-turbulence and Energy spectra in buoyancy driven bubbly flows”
I. KINETIC ENERGY EVOLUTION
The time evolution of the kinetic energy E = 〈ρu2/2〉 for our runs NB1, NB3, B1, B2, and 3D run B3 [see Table I
(main text)] is shown in Fig. (1a-d). We observe that the kinetic energy attains statistically steady state at t/τs ≈ 7
for all the runs.
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FIG. 1. Plot of kinetic energy versus time for our runs (a) B1, (b) NB1, (c) B2 and (d) NB3. (e) B3
II. INITIAL VORTICITY AND BUBBLE SHAPES (2D)
The shape and dynamics of an isolated bubble in a Hele-Shaw cell has been investigated both experimentally and
numerically with varying Re and Bo numbers [1, 2]. In a suspension, however, inter-bubble interactions become
important once a steady state is reached. To investigate the bubble shapes at an early time, we show in Fig. (1a-d)
pseudo-color plot of the vorticity field ω ≡ (∂xuy − ∂yux) for different Re and At. Consistent with experimental and
numerical studies on isolated bubbles [1, 2], bubbles are circular for small Re ≤ 5.6 [Fig. (2a,b)] and are elliptical for
large Re = 781 [Fig. (1c,d)]. At high Re, the wake behind the bubbles is markedly different between low At and high
At.
2FIG. 2. Pseudocolor plot of the vorticity field along with bubble positions overlaid for (a) low Re = 3.6, low At = 0.04 (run
B1) at t/τs = 1.5; (b) low Re = 5.6 high At = 0.91 (run NB1) at t/τs = 0.75; (c) high Re = 781.2 low At = 0.08 (run B2) at
t/τs = 0.5; and (d) high Re = 781 high At = 0.75 (run NB3) at t/τs = 0.2. Only a section of box is shown to highlight the
distinct shape of the bubbles and the corresponding vorticity field. The bright yellow and dark red indicate regions of high
vorticity (|ω| > 0.1), and orange indicates regions of low vorticity.
III. COMPUTATIONAL RESOURCES
All the simulations reported in the main text were performed at TIFR-H HPC facility [3]. Our simulation with
highest resolution (run B1 main text) took 18h for 1τs in 80 CPUs.
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